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Abstract

Population growth models are fundamental tools in mathematical biology
for understanding how biological populations change over time under en-
vironmental constraints. Among these models, the logistic growth model
is realistic as it takes into account environmental carrying capacity and is
independent of the classical exponential growth model which assumes un-
limited resources. In this paper we have thoroughly studied the logistic
population growth model with a first-order nonlinear ordinary differential
equation. Starting from the biological assumptions of density-dependent
population regulation, we formulate and solve the logistic equation analyti-
cally using the method of separation of variables to get its explicit solution.
We calculate the equilibrium points of the system and perform local stability
analysis by linearizing the governing equation to understand the long-term
behavior of the population. We explore the effects of the basic parameters
of the logistic growth model (the growth rate, the carrying capacity and
the initial population size) on the dynamics of the population and how it
would eventually be at equilibrium. We compare exponential and logistic
growth models, and show that the ecological impact of resource limitation
in population models is important. Moreover, we discuss the applications
of the logistic model in ecology, wildlife conservation, fisheries management,

microbial population dynamics, agriculture and environmental management.

© 2026 Nobleink Research Publishing Private Limited.
DOI: https://doi.org/10.68219/becnz778

84


https://ijpacm.nobleinkresearch.com/1
https://doi.org/10.68219/becnz778

Int. J. Pure Appl. Comput. Math. (IJPACM) Volume 1, Issue 1, Pages 84-112, April- June 2026

1. Introduction

In the introduction section:

Mathematical models have an important role to play in understanding the dynamics of bi-
ological populations as they provide quantitative frameworks for how populations evolve over
time with biological and environmental factors. Population dynamics is a fundamental issue
that is foundational to ecology, conservation biology, epidemiology, agriculture and resource
management because the abundance of organisms also affects ecosystem stability, biodiversity
and sustainable utilization of natural resources. Mathematical biology uses biological informa-
tion to develop predictive models that give a picture of the population and predict future trends
under different environmental conditions [L1, [7].

One of the first mathematical descriptions of population growth was presented by Thomas
Robert Malthus in the late eighteenth century. Malthus assumed that populations grow at a
rate proportional to their current size when resources are unlimited, leading to the exponential
growth equation

% =rN, (1)

where N (t) is the population size at time ¢ and r is the rate of population growth. While

the exponential model does provide a good description of population growth, for colonization

or laboratory culture it predicts that the growth rate of population will be infinite over time,

which is not the case for natural ecosystems where food sources, habitat space, competition,
predation, disease and environmental conditions all restrict population growth [L0, 8].

The shortcomings of the exponential growth model drove the development of more realistic
mathematical models that consider density regulation. Pierre Francois Verhulst proposed the
logistic growth model in 1838 by showing that the per-capita growth rate decreases linearly
as the population size approaches the environmental carrying capacity. This is one of the
most influential nonlinear differential equations in ecology that can describe the self-limiting
population growth with limited resources available [16, [L7].

The logistic differential equation is written as

(1) @

where K is the environmental carrying capacity, i.e. the maximum population size that an
ecosystem can support forever under the existing environmental conditions. When the popula-
tion size is much smaller than K, the growth rate is exponential. However, as IV approaches K,
the competition for fewer resources increases, the effective growth rate decreases until an equi-
librium population is reached. Thus, the logistic model provides the characteristic sigmoidal
(S-shaped) growth curve that can be found in many biological populations such as microorgan-
isms, insects, fish, mammals, plants and human populations [3, §].

The biological interpretation of carrying capacity is more than a numerical limit. It includes
the net effects of resource availability, habitat quality, environmental resistance, reproductive

capacity, mortality, competition, and ecological interactions. Since these factors influence popu-
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lation growth through density-dependent feedback mechanisms, the logistic model is an essential
theoretical framework for understanding natural population regulation and ecosystem stability
(12, 14].

From a mathematical perspective, the logistic equation is one of the simplest nonlinear ordi-
nary differential equations which have biologically meaningful equilibrium behavior. Unlike the
linear growth models, it has multiple equilibrium solutions that can be investigated analytically
by the use of differential calculus and linearization. The existence of stable and unstable equi-
librium points makes the logistic equation a good introductory model for the study of nonlinear
dynamical systems, stability theory and long-term population behavior [15, #].

Besides the theoretical role, the logistic model has found wide applications in many fields.
In ecology it is used to estimate the growth of wildlife populations and evaluate conservation.
In fisheries, the logistic growth equations are used to design sustainable harvesting policies and
in farming the same terms to identify pest population and crop protection. Similar models
have also been used to model microbial growth, tumor growth, technology innovation, diffusion
of information and epidemiological processes, highlighting the versatility of the logistic model
[9, L1].

Despite its widespread use, the classical logistic model is based on many simplifying assump-
tions. It assumes a constant carrying capacity, a homogeneous population structure, continuous
density dependence, deterministic dynamics and a uniform environmental environment. In re-
ality, ecological systems experience seasonal variations, random fluctuations, migration, age
structure, spatial heterogeneity, and delayed feedback processes that affect population dynam-
ics. Therefore, many extensions of the logistic model have been developed that have been
adapted to account for all these problems while retaining the mathematical basis of Verhulst
M, 2].

Our overall goal is to provide a mathematical analysis of the logistic population growth
model with environmental carrying capacity. The model is derived from biological principles and
its solution is obtained by separation of variables, equilibrium points are found, local stability
is evaluated and the effects of the parameters of the model are investigated in terms of long-
term population dynamics. We also compare the logistic model with the classical exponential
growth model and highlight the ecological importance of density-dependent regulation. Finally,
we discuss the applications, limitations and potential extensions of the logistic model to more
general mathematical biology and theoretical ecology.

The analytical treatment in this paper shows how a simple nonlinear differential equation
captures the basic processes involved in biological population growth and makes it mathemati-
cally rigorous and biologically interpretable for ecological theory. Therefore, the logistic growth
model remains one of the best tools in mathematical biology for ecology, conservation science,

environmental management, and applied mathematics.

2. Biological Background

Population growth is one of the most fundamental processes that governs the survival and evo-

lution of living species. From microbial colonies to large vertebrate communities, the number of
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species and individuals will change as a function of birth, death, immigration and emigration.
Understanding how the mechanisms of these changes are governed is critical for ecology, conser-
vation biology, epidemiology, fisheries science and natural resource management. Mathematical
models are an effective way to translate the biological into the quantitative methods to predict
the population dynamics in the physical environment [3, 12].

At the simplest level, population growth depends on the balance between reproductive
gains and mortality losses. When there are sufficient resources (food, water, nutrients, shelter,
space) in the environment, birth rates are higher than death rates, leading to fast population
expansion. When resources are scarce or environmental conditions are poor, the number of
people dying increases while reproductive success decreases, leading to slower population growth
or population decrease. These opposing processes influence biological populations over time
[14, 8.

One of the key concepts in population ecology is the distinction between density-independent
and density-dependent factors. Population growth is influenced by density-independent factors
and is impacted by climatic and natural disasters, droughts, floods, wildfires, and sudden envi-
ronmental disturbances. The density-independent factors can cause rapid and sudden changes
in population abundance in population size but are not dependent on the number of individuals
present in the habitat. Density-dependent factors become more important as population size
increases and are directly responsible for maintaining long-term population stability [3, 12].

Density-dependent regulation occurs because individuals compete for limited environmental
resources. As population density increases, competition escalates and food, nesting locations,
mates, etc. are less available. Increased density can also increase the risk of infectious diseases,
increase the risk of predation, increase stress and decrease the reproductive output. Thus,
per capita growth rates decrease with population density and eventually fall to zero when the
environment reaches its maximum sustainable capacity.

The concept of environmental carrying capacity, commonly denoted by K, is central to
the logistic population model. The carrying capacity is the maximum population size that a
given environment can sustain indefinitely without degrading its resources and ecological well-
being. Instead of being fixed as a universal constant, carrying capacity depends on the biology
of the ecosystem and on the quality of the habitats, climate, species interaction and human
activities. Seasonal changes, habitat loss, pollution and climate change all affect a system’s
carrying capacity over time.

Biologically, carrying capacity is a function of the dynamic balance between population
demand and environmental supply. If population size is much smaller than K, then there are
many more resources available and the competition is minimal. In this case, the population
growth is nearly exponential as the growth rate per capita is nearly constant. However, as the
population approaches carrying capacity, increasing competition reduces reproductive capacity
while mortality increases. In the end, births and deaths are roughly even and the population is
close to carrying capacity [, 4].

The intrinsic growth rate, r, is another fundamental parameter controlling population dy-
namics. This parameter measures the maximum potential rate of population growth under

ideal conditions where resources are almost unlimited. It considers fertility, maturation rate,
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survivorship and generation time, among others. Fast-living organisms such as bacteria and
insects have high intrinsic growth rates while long-lived animals such as elephants, whales, and
many trees have relatively small values of r because of slower reproductive cycles [L1, §].

The interaction of the intrinsic growth rate and carrying capacity is responsible for the
sigmoid (S-shaped) growth of logistic populations. Initially, the population has a lag phase
during which the growth is slow as only a few individuals contribute to the reproduction process,
and in the end, it grows like an exponential scale when the number of individuals contributing
to the reproduction process is high. When the environment becomes more resistant, the growth
rate slows down until the population settles around the carrying capacity. This three-stage
growth process has been observed in bacterial colonies, laboratory yeast populations, insect
colonies, wildlife populations and recovering ecosystems [9, 3.

In the classical logistic population model, there are several basic assumptions. First, the
population is homogeneous, in that all individuals are born and die at the same time, and
no individuals are different in age, sex or physiological status. Secondly, immigration and
emigration are neglected and population changes occur only through births and deaths. Third,
the environment is assumed to be constant during the observation period, which means that
the carrying capacity does not vary with time. Fourth, density dependence is assumed to occur
instantly. These assumptions simplify mathematical analysis, but they may not describe many
natural populations, where age structure, seasonal fluctuations, migration and environmental
variability play important roles [2, [L5].

Despite these simplifications, the logistic model is still very effective in capturing the bio-
logical mechanism that drives population regulation: the negative feedback from the increasing
population density. As density increases, resource availability reduces the effective growth
rate, preventing unlimited population growth. This feedback mechanism is one of the sim-
plest examples of self-regulation in biological systems and it is used as a basis for many more
examples, including age-structured populations, predator-prey interactions, epidemiological dy-
namics, evolutionary ecology, and ecosystem management [4, [11].

Logistic growth is biologically relevant even beyond the theory of ecology. Conservation biol-
ogists use logistic models to estimate the recovery potential of endangered species and evaluate
habitat restoration programs. Fisheries scientists use logistic population equations to deter-
mine sustainable harvesting limits and to estimate maximum sustainable yield. Agricultural
researchers use logistic models for pest outbreaks and crop population dynamics, and micro-
biologists use similar equations to describe bacterial growth when the amount of nutrients is
limited. In addition, logistic models can be used to describe tumor growth, technological diffu-
sion, information spread and other complex systems with self-limiting growth patterns [9, b, 11].
For this reason, population growth is a very complex dynamic between reproductive capacity
and environmental constraints. The concepts of intrinsic growth rate, density dependence, and
environmental carrying capacity are biological underpinnings of the logistic growth model. By
incorporating these mechanisms into a nonlinear differential equation, the logistic model is a
model that is both biologically realistic and mathematical, and is among the most influential
models in population ecology and mathematical biology.

Subsection*Notation Used Throughout the Paper
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For convenience, the main variables and parameters used in our study are summarized in

Table ﬂ

Table 1: Mathematical notation used in the logistic population model.

Symbol Description Unit

N(t) Population size at time ¢ Individuals

t Time Time

r Intrinsic growth rate Time™*

K Environmental carrying capacity Individuals

dN

o Population growth rate Individuals per unit time
Ny Initial population size Individuals

The mathematical formulation of the Logistic Growth Model.

Mathematical modeling is a way to translate biological principles to quantitative relation-
ships describing in the population dynamics. The logistic growth model starts by assuming
that the rate of change of a population is determined by the population’s current size and
also by environmental limitations which limit growth. Unlike the exponential growth model,
which assumes that there is an infinite supply of resources, the logistic model considers density-
dependent regulation in the form of environmental carrying capacity and has a more realistic

picture of the biological populations [16, L7, 11].

2.1 Fundamental Biological Assumptions

The logistic growth equation is derived from a number of biological assumptions that simplify
the complex interactions in natural populations and preserve their essential ecological charac-
teristics.

We will assume that the population is homogeneous, that all individuals have identical birth
and death rates.

Population changes occur only through births and deaths; immigration and emigration are
neglected.

There are finite environmental resources and competition among individuals as population
density increases.

The environment has a maximum sustainable population (carrying capacity, K).

The intrinsic growth rate r is constant during the observation period.

Density-dependent regulation acts instantaneously without any time delay.

These assumptions allow for the development of a deterministic nonlinear differential equa-

tion and to retain the biological mechanism of population regulation.

2.2 Exponential Growth as the Starting Point

Let’s consider a population of size N (t) at time ¢. If resources are unlimited and environmental

resistance is absent, the population growth is proportional to the current population size,
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dN
dt
where
o N(t) is the population size,

e tis time,

e 7 > 0 is the intrinsic rate of population increase.

Equation (E) predicts continuous exponential growth,

N(t) = Noe™, (4)

where Ny is the initial population size.
Though Equation (@) does describe the population during the early growth stage very well,
it predicts that the population will grow forever as ¢ — oo, which is biologically unrealistic as

environmental resources are finite.

2.3 Density-Dependent Population Regulation

To account for environmental limitation, Verhulst proposed that the per-capita growth rate

should decrease as population size approaches the carrying capacity. Mathematically,

1 dN N
th_r<1_K>’ (5)
where

e K is the environmental carrying capacity,

. (1 — %) is the density-dependent limiting factor.

The quantity

N
K

represents the proportion of unused environmental resources.

Its biological interpretation is straightforward.

¢ When N <« K,

and growth is nearly exponential.
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When

N =

9

K
2

the population experiences moderate competition.

¢ When

N — K,

resource availability becomes increasingly limited, reducing population growth.

¢ When

N = K,

the per-capita growth rate becomes zero.

¢ When

N> K,

the growth rate becomes negative, causing the population to decline toward the carrying

capacity.

Thus, environmental resistance increases continuously with population density.

2.4 Derivation of the Logistic Differential Equation
Multiplying Equation (B) by N yields

dt:rN<1—§>, (6)

which is known as the Verhulst Logistic Growth Equation.
Expanding Equation (B) gives

r

Equation (B) clearly shows that population growth consists of two competing processes.
The first term,

rN,

represents unrestricted exponential growth, while the second term,

r
___N?
K )
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represents density-dependent inhibition arising from competition for limited environmental
resources.
The nonlinear quadratic term distinguishes the logistic equation from the classical exponen-

tial growth model and is responsible for generating bounded population dynamics.

2.5 Properties of the Logistic Model

Equation (B) has several important mathematical and biological properties.

1. It is a first-order nonlinear ordinary differential equation.

2. The solution remains non-negative for all positive initial conditions.
3. Population size is bounded above by the carrying capacity.

4. The equation admits biologically meaningful equilibrium solutions.
5. The model predicts sigmoidal (S-shaped) growth.

6. The growth rate is maximum at intermediate population densities.

7. Population trajectories converge asymptotically toward the carrying capacity under pos-

itive intrinsic growth rates.

These characteristics explain why the logistic equation has been one of the most studied

models in mathematical biology.

2.6 Biological Interpretation of Model Parameters

Each parameter in Equation (B) has a direct ecological interpretation.

Table 2: Biological interpretation of the parameters appearing in the logistic growth
model.

Parameter Biological Meaning  Interpretation

N(t) Population size Number of individuals

t Time Observation period

r Intrinsic growth rate Maximum reproductive potential
K Carrying capacity Maximum sustainable population
dN

r Growth rate Population change per unit time

Among these parameters, the intrinsic growth rate r determines how fast the population
grows if the conditions are favorable, while the carrying capacity K is the upper limit imposed
by environmental resources. The interaction between these parameters leads to the nonlinear

dynamics that distinguish logistic growth from unlimited exponential growth.

92 https://doi.org/10.68219/becnz778



Int. J. Pure Appl. Comput. Math. (IJPACM) Volume 1, Issue 1, Pages 84-112, April- June 2026

2.7 Qualitative Behaviour of the Logistic Equation

Without directly solving Equation (E), several qualitative features can be inferred directly from
its mathematical structure.

For sufficiently small populations (N < K), the quadratic term is negligible, and the model
behaves similarly to the exponential growth equation.

As population density increases, competition gradually reduces the effective growth rate.

The maximum population growth occurs at an intermediate population size,

N = 9 (8)

(-3)

Finally, as the population approaches the carrying capacity,

where the product

attains its largest value.

N — K,

the growth rate approaches zero,

aN
dt

and the population converges toward a stable equilibrium. The mathematical formulation

— 0,

developed in this section sets the fundamental nonlinear differential equation governing logistic
population dynamics. In the following section, we find a purely analytic solution of the logistic
equation by means of separation of variables and describe the evolution of the population over
time.The logistic differential equation derived in the previous section is a nonlinear first-order
ordinary differential equation that has an exact analytical solution. The existence of a closed-
form solution makes the logistic model attractive for mathematical biology because it enables
us to determine the whole time evolution of a population without having to resort to numerical
approximations. The explicit solution also allows us to investigate the behavior of equilibrium,
parameter sensitivity, and long-term ecological dynamics [11, [7].

The governing equation is

ng:rN(l—N>, (9)

where
e N(t) is the population size,
e 7 > 0 is the intrinsic growth rate,

e K > 0 is the environmental carrying capacity.
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2.8 Separation of Variables

Equation (B) can be separated. By rearranging terms we obtain

dN
v = rdt. (10)
N(1-%)
Since
N _K-N
K K
Equation (@) becomes
K dN
= ) 11
NK =) rdt (11)

The left-hand side is integrated using partial fractions.

2.9 Partial Fraction Decomposition

Assume

K A B
_4, b5 12
NE-N) N K-N (12)

Multiplying by N(K — N) yields

K = A(K — N) + BN.

Collecting coefficients,

K = AK + (B — A)N.

Comparing coefficients gives

A=1,
and
B=1
Hence,
K 1 1
= 4+ - . 13
NE-N) N K-N (13)
Substituting Equation (@) into Equation (@) gives
1 1
— = . 14
<N+K—N>dN rdt (14)

Integrating both sides,
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[(Loty)av [ra s

Evaluating the integrals,

In|N|—In|K — N|=rt+C, (16)

where C' is the constant of integration.

Combining logarithms,

’ =rt+ C. (17)
Exponentiating both sides,

N
K—-N

where C > 0 denotes a new integration constant.

= Ce™, (18)

2.10 Explicit Solution

Multiplying Equation (@) by (K — N),

N =CKe™ — CNe™.

Collecting terms containing IV,

N(1+Ce™) = CKe™.
Hence,

CKe™

N(t)= ———. 19
®) 1+ Cert (19)
Dividing numerator and denominator by Ce',
K
T et
Let
1
A=—.
C
The logistic solution becomes
K
N(t) = 21
6= 1 (21)
Applying the initial condition
N(0) = Ny,
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gives
K
Ny= —
0 1—|—A,
therefore,
K — Ny
A= ———. 22
¥ 22)

Substituting Equation (@) into Equation (@) yields the classical logistic growth function,

K
N(t) = . (23)
1+ (K;,évo) et
Equation (@) completely determines the population size at any future time.
2.11 Mathematical Properties of the Solution
The analytical solution has some important properties.
1. At t =0,
N(0) = Ny
2. As
t — o0,
e " =0,
therefore
tlgglo N(t) =K. (24)

Thus the carrying capacity is the long-term equilibrium population.

3. When

Ny < K,

the denominator is approximately one, giving

N(t) =~ Npe™,

which agrees with exponential growth.
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4. The solution is bounded,

0<N(t) <K,
for every positive initial condition.

These mathematical properties demonstrate that the logistic equation provides a biologically
realistic model capable of describing bounded population growth while avoiding the unrealistic

unlimited growth predicted by the exponential model.

3. Equilibrium and Stability Analysis

Equilibrium analysis is one of the most important tools in the qualitative study of nonlinear
differential equations. Equilibrium points describe population sizes that remain unchanged
over time, while stability analysis determines whether nearby populations converge toward or
diverge away from these equilibrium states following small perturbations. Such analyses provide
valuable insight into the long-term behaviour of ecological systems without requiring explicit
numerical simulation [15, #].

Consider the logistic differential equation

For convenience, define

The equilibrium solutions satisfy

f(N)=0. (27)

3.1 Determination of Equilibrium Points

Setting Equation (@) equal to zero,

Since

r >0,

the equilibrium points are

and
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Ni =K. (29)

These represent the only biologically meaningful equilibrium populations.

3.2 Linear Stability Analysis

The derivative of the vector field is
f(N)=r——. (30)

Equilibrium at N =0

Substituting into Equation (@),

Since

r >0,
the eigenvalue is positive.
Therefore,

N=0
is an

unstable equilibrium.

Any small positive perturbation causes population growth away from extinction.

Equilibrium at N = K

Evaluating Equation (@)7

f(K)=7r—2r=—r

Since

—r <0,

the equilibrium

is
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locally asymptotically stable.

Any nearby population eventually returns to the carrying capacity.

3.3 Phase-Line Analysis

The sign of

dN N
dt—’”N(l‘K>

determines the direction of population change.

d
Population interval Sign of ’ Behaviour
O0<N<K Positive Population increases
N> K Negative  Population decreases
Hence,
N(t) - K

for every positive initial population.

3.4 Biological Interpretation

The equilibrium

N=0

represents extinction. Because this equilibrium is unstable, even a small surviving popula-
tion can recover provided environmental conditions remain favourable.

The equilibrium

N =K

corresponds to the environmental carrying capacity and represents the long-term sustainable
population size. Regardless of whether the initial population is below or above K, density-
dependent feedback causes the population to approach this stable equilibrium over time.

This stability property explains why logistic growth successfully models many natural pop-
ulations that fluctuate around relatively constant long-term abundance despite temporary en-

vironmental disturbances.

4. Sensitivity Analysis of Model Parameters

Sensitivity analysis is an essential component of mathematical modeling because it assesses

the effect of changing model parameters on the behavior of the system. In population biology,
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ecological parameters are rarely known with complete certainty due to environmental variability,
measurement errors, and biological heterogeneity. So, the response of the logistic growth model
to changes in its governing parameters is important to understand how robust it is and the
ecological significance of each parameter [[L1], 4].

The analytical solution of the logistic growth equation is

K

K — No ’
1 —rt
—|—< No )e

N(t) =

where
e Ny is the initial population,
e 7 is the intrinsic growth rate,

e K is the environmental carrying capacity.

Equation (@) indicates that the dynamics of the population are completely determined by

these three biological parameters.

4.1 Influence of the Intrinsic Growth Rate

The intrinsic growth rate » measures the maximum reproductive capacity of a population under
ideal environmental conditions. Biologically, it depends on birth rate, mortality rate, generation
time, reproductive maturity, and survivorship.

Differentiating Equation (@) qualitatively with respect to r shows that increasing the in-
trinsic growth rate accelerates convergence towards the carrying capacity. For organisms with
large values of r, like bacteria, insects, and algae, population grows rapidly, whereas mammals
and long-lived organisms tend to grow at much smaller intrinsic rates.

Mathematically,

r1T = N(t) approaches K more rapidly.

Conversely,

r] = slower population growth.

Importantly, the parameter r only affects the speed of convergence and not the eventual

equilibrium population.

4.2 Influence of Carrying Capacity

The carrying capacity K is the maximum sustainable population supported by environmental
resources. It is determined by habitat quality, food availability, water supply, climate, and

ecological interactions.
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Increasing K enlarges the environmental support available to the population, allowing the
equilibrium population to increase proportionally.

Mathematically,

K+ = N'=K1.

Likewise,

K| = N'=K|.

Unlike the intrinsic growth rate, the carrying capacity determines the final equilibrium
rather than the rate at which it is attained.

Ecologically, habitat restoration, improved food availability, and favorable climatic condi-
tions increase carrying capacity, whereas habitat destruction, pollution, disease outbreaks, and

resource depletion reduce it.

4.3 Influence of Initial Population Size

The initial population size Ny determines the starting point of the population trajectory but

does not influence the long-term equilibrium provided that

Ny > 0.

Three biologically important cases arise.
Case I: Small Initial Population If

Ny < K,

the growth of the population is almost exponential because competition is negligible.
Case 1I: Intermediate Initial Population If

K
N()%E,

the instantaneous population growth rate reaches its maximum because
N
K

Case III: Population Above Carrying Capacity If

is maximized.

Ng > K,

environmental resistance exceeds reproductive gain, resulting in
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AN
2 0.
a <

Thus, the population decreases toward the carrying capacity.

4.4 Maximum Population Growth

The logistic growth rate is

To determine where growth is greatest,

dG 2rN
aN =T K
Setting
dG
= _0
dN ’
gives
K
N=—. 32
- (32)
Since
d’G _2r <0
dN? K
Equation (@) corresponds to a maximum.
Substituting into the growth equation,
rK
Gmax - T (33)

Equation (@) shows that the maximum population growth rate depends simultaneously on

the intrinsic growth rate and environmental carrying capacity.

4.5 Dimensionless Parameter Analysis

Introducing the normalized population

&
|
==
8

the logistic equation becomes

dr _
dt

This dimensionless formulation shows that all populations exhibit identical qualitative dy-

re(l —x). (35)

namics regardless of their absolute size. Consequently, populations of bacteria, fish, mammals,
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or forests may all be analyzed using the same mathematical framework after appropriate nor-

malization.

4.6 Qualitative Parameter Effects

The overall influence of each parameter is summarized in Table E

Table 3: Qualitative influence of logistic model parameters on population dynamics.

Parameter Increasing Parameter Biological Effect

r Faster convergence Rapid reproduction

K Larger equilibrium Increased habitat resources
Ny Different initial trajectory No change in final equilibrium

4.7 Ecological Significance

The sensitivity analysis reveals that the intrinsic growth rate governs the speed of population
recovery, whereas the carrying capacity determines the long-term sustainable population size.
The initial population affects only the transient dynamics and has no influence on the final equi-
librium as long as extinction does not occur. These findings have important implications for
wildlife conservation, fisheries management, habitat restoration, invasive species control, and
ecosystem management. In practical applications, management strategies aimed at increasing
habitat quality primarily modify the carrying capacity, while breeding and conservation pro-
grams influence the intrinsic growth rate through changes in survival and reproductive success.
Therefore, understanding the individual contribution of each parameter enables ecologists and
resource managers to design scientifically informed strategies for maintaining stable and sus-
tainable biological populations. And the applications of the Logistic Growth Model to Biological
Systems.

The logistic growth model is one of the most influential mathematical models in biology
because it can be used to describe population development in the face of resource constraints
by using a simple nonlinear differential equation. Although it was originally proposed to describe
the growth of biological populations, it has now been applied in many ecological, biomedical,
agricultural and environmental systems. In addition to the natural carrying capacity, the logistic
equation can also capture the self-regulating behavior of the natural population, and is therefore
very useful in theoretical ecology and applied mathematical biology [11, 9, 4].

There

Wildlife populations are affected by the availability of food resources, habitat quality, pre-
dation, disease and competition. In a favorable environment, populations increase quickly, but
once resources are scarce, the growth slows down and eventually settles at the carrying capac-
ity. The logistic model is a realistic mathematical framework for predicting such population
dynamics.

Wildlife managers frequently use logistic growth models to predict population sizes and
habitat restoration programs, sustainable population densities and the effectiveness of conser-

vation. Logistic growth models also help to predict recovery for endangered species after habitat
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protection or captive breeding programs. In cases of overabundant species, the model also helps
to assess the effectiveness of population control measures while maintaining ecological balance
B, 12.

One of the most important applications of the logistic growth equation is in fisheries science.
Fish populations grow with density as food availability, habitats, and environmental resources
become limited with increased population density.

The logistic model is the theoretical basis for estimating the maximum sustainable yield
(MSY), the largest harvest to be obtained with no long-term population decline. By combining
logistic population dynamics with harvesting terms, fisheries managers can scientifically jus-
tify harvesting quotas to produce the most economic gain and maintain fish stocks for future
generations [9, [11].

Mathematically, the harvested logistic equation can be expressed as

%Vzrzv <1—§>—H, (36)

where H denotes harvesting rate.
Microorganisms are one of the classical experimental proof points of the logistic growth
model. When bacteria or yeast are grown in laboratory media, the population usually progresses

through four phases:

1. Lag phase,
2. Exponential growth phase,
3. Stationary phase,

4. Decline phase.

The logistic equation is a good description of the first three phases in terms of the nutri-
ent constraint and the accumulation of waste. As nutrients become depleted and metabolic
by-products accumulate, bacteria’s reproduction slows down until the culture is full. The logis-
tic model is thus used in microbiology, fermentation technology, biotechnology and industrial
bioprocess engineering [[7, 11].

Agricultural areas often see huge increases in insect pest populations during favorable con-
ditions. These pest populations grow very quickly initially but competition among host plants,
natural predators, disease transmission and low resources can eventually limit their growth rate.

The logistic model helps agricultural scientists to forecast pest outbreaks and crop damage
and develop integrated pest management strategies. By understanding the carrying capacity of
pest populations under different environmental conditions, agricultural planners can optimize
biological control measures with minimal pesticide use and environmental degradation [14, 8].

Conservation biology seeks to protect biodiversity and prevent species extinction with sci-
entific approaches to management. Logistic growth models provide quantitative results for
assessing population recovery after habitat restoration, captive breeding, species reintroduction

and environmental rehabilitation.
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The carrying capacity parameter is a good measure of habitat quality because it measures the
maximum number of individuals an ecosystem can support sustainably. Conservation programs
aim to increase carrying capacity by increasing the number of places in which humans can live,
restoring vegetation, reducing pollution and other aspects of human activities. Mathematical
predictions based on logistic growth therefore offer valuable advice for long-term conservation
planning [3, 12].

Forest ecosystems undergo constant change through natural regeneration, competition be-
tween plant species, and resource scarcity. Young forests have rapid tree density, but with
the competition for sunlight, nutrients and water, mortality increases and growth slowly slows
down.

Logistic population models are commonly used to estimate tree density, forest regeneration
rates, biomass accumulation and ecosystem recovery following disturbances such as fire, defor-
estation or natural disasters. Such models are useful tools for sustainable forest management
and carbon sequestration studies [5, [14].

Although originally created for ecological populations, logistic growth equations have also
been successfully applied for mathematical oncology. Initially, tumor cell populations grow
rapidly because nutrients and oxygen are abundant. As tumor size increases, though, the avail-
ability of blood flow, nutrient availability, and oxygen diffusion also reduce cellular proliferation.

The logistic equation offers the first approximation to describe the progression of tumors
in these cases. It has been used to investigate tumor development, treatment response and
therapeutic planning. More sophisticated cancer growth models typically utilize the logistic
equation as their mathematical basis before incorporating other biological mechanisms such as
angiogenesis, immune response, chemotherapy [11, [7].

Climate change impacts the biological populations in an ecosystem by affecting habitat
quality, food availability, precipitation and temperature. These environmental changes have an
impact on both growth rate and carrying capacity in biological populations as well. Species
living in degraded environments typically have less carrying capacity due to habitat loss and less
access to resources while more favourable weather may also generate a better environment for
some populations. Logistic models can thus be a good tool to evaluate the ecological impact of
climate change and predict long-term population response to changing environmental conditions
[14, 3].

4.8 Comparison of Major Biological Applications

Table @ summarizes some examples of biological applications of the logistic growth model.

4.9 Summary

The logistic growth model is one of the most commonly used mathematical models in biology
because of its simplicity, analytical tractability, and relevance to biology. While simple in its
mathematical form, it is able to capture the key mechanism of density-dependent regulation in
biology that drives a lot of biological systems. The applications are extensive in wildlife ecology

and fisheries management, microbiology, agriculture, conservation biology, forestry, oncology,
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Table 4: Representative applications of the logistic growth model in biological systems.

Application Area Population Variable Biological Objective
Wildlife Ecology Animal abundance  Population conservation
Fisheries Science Fish stock Sustainable harvesting
Microbiology Bacterial cells Growth prediction
Agriculture Pest populations Pest management

Forest Ecology Tree density Forest regeneration
Conservation Biology Endangered species Habitat restoration
Cancer Biology Tumor cells Growth estimation
Climate Ecology Species populations Environmental assessment

and environmental science. The logistic equation remains one of the most basic building blocks
for more sophisticated nonlinear models that take into account stochasticity, spatial hetero-
geneity, age structure, species interactions, and environmental variability. Limitations of the
classical logistic model and future extensions

Although the logistic growth model has turned out to be one of the most influential mathe-
matical models for theoretical ecology and mathematical biology, it is only an idealized picture
of natural population dynamics. The model incorporates density-dependent control through
environmental carrying capacity and provides an analytical description of bounded population
growth. However, the assumptions underlying the classical logistic equation are often too re-
strictive to reflect the complexity of real biological systems. Natural populations are affected
by environmental variation, demographic heterogeneity, stochastic disturbances, species inter-
actions, migration, and evolutionary processes which are well beyond the scope of the logistic
model. Many extensions of the logistic model have been proposed to make biological realism a
reality while retaining the mathematical foundation [11, 4, 2.

One of the basic limitations of the classical logistic model is that the carrying capacity,
K, is assumed to be constant throughout time. In natural ecosystems, however, the carrying
capacity is rarely fixed because it is dependent on resource availability, climatic conditions,
habitat quality, disease prevalence, and anthropogenic activity.

For example, prolonged drought, habitat destruction, pollution, and climate change may
drastically lower carrying capacity, whereas habitat restoration, improved nutrient availability,
and conservation measures may increase it. This is why many ecological systems are better

described by a time-dependent carrying capacity,

K = K(t), (37)

leading to the modified logistic equation

dd]Z_TN<1_K{\(;)>' (38)

Such models are a more realistic description of populations living in seasonally or ecologically
fluctuating habitats.
The classical logistic equation assumes that every individual in the population has the same

biological characteristics. In reality, populations are heterogeneous with respect to

106 https://doi.org/10.68219/becnz778



Int. J. Pure Appl. Comput. Math. (IJPACM) Volume 1, Issue 1, Pages 84-112, April- June 2026

e age,
. sex,

¢ body size,

o reproductive status,

e genetic variation,

¢ physiological condition.

These differences affect birth rates, mortality rates, and competitive ability. As a result, age-
structured, stage-structured, and size-structured population models often provide much better
descriptions of biological populations, especially for long-lived organisms such as mammals,
birds, and forest trees [0].

The logistic model assumes that every individual experiences the same environment re-
gardless of their location. Natural populations live in heterogeneous landscapes on which food
resources, habitat quality, and environmental conditions differ.

To account for spatial movement, diffusion terms are often incorporated into the logistic
equation,

ON N

- = 2 JEE—
o = DVPN 41N (1 K) (39)

where D is the diffusion coefficient describing the dispersal of an organism.

Reaction—diffusion logistic equations have become fundamental tools in invasion biology,
disease ecology, conservation planning, and landscape ecology [9, 11].

Biological responses to environmental change are seldom instantaneous. Reproduction,
maturation, gestation, and resource regeneration take a long time before affecting population
growth.

The classical logistic equation does not consider these biological delays.

Delay logistic models replace the current population by a previous population,

dN N(t—7)
5 = rN(t) (1 — K> , (40)

where 7 is the time delay.

Such equations may produce oscillatory dynamics, population cycles, and complex nonlinear
behavior that are missing in the classical logistic model [13].

The logistic equation is deterministic because identical initial conditions always produce
identical solutions.

Real biological populations experience substantial random variation from

e environmental fluctuations,
e climatic variability,

¢ demographic randomness,
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o disease outbreaks,
e natural disasters,

o genetic drift.

These random effects on population dynamics can have a substantial impact on long-term
population dynamics, especially for small populations.

A stochastic logistic model can be written as

N
dN = rN (1 - K) dt + o N dWy, (41)

where

e 0 is the noise intensity of the environment,

o W, is standard Brownian motion.

Stochastic logistic equations are widely used in conservation biology, epidemiology, and
ecological risk assessment [L].
The logistic model considers only a single isolated population.

Natural ecosystems are comprised of interacting species connected through
o competition,

e predation,

e parasitism,

e mutualism,

e commensalism,

¢ host-pathogen interactions.

These ecological interactions often dominate community dynamics and cannot be repre-
sented by a single logistic equation.

Therefore, multi-species models like the Lotka-Volterra equations, predator-prey systems,
and competitive interaction models offer more detailed descriptions of ecological communities
b, 4].

The classical logistic model assumes that biological parameters remain constant over time.

But populations continuously evolve through natural selection, mutation, and adaptation.

Evolutionary changes may modify
e intrinsic growth rate,
e competitive ability,

o survival probability,

108 https://doi.org/10.68219/becnz778



Int. J. Pure Appl. Comput. Math. (IJPACM)

Volume 1, Issue 1, Pages 84-112, April- June 2026

e reproductive success,

environmental tolerance.

Adaptive population models thus combine ecological and evolutionary dynamics into inte-

grated eco-evolutionary models that more accurately describe long-term biological processes.

Table B summarizes several important extensions of the logistic growth model.

Table 5: Comparison of the classical logistic model with major extensions.

Model Extension

Additional Feature

Major Application

Time-dependent logistic model

Delay logistic model
Reaction—diffusion model
Stochastic logistic model
Age-structured model
Multi-species logistic model

Harvesting model

Variable carrying capacity
Reproductive delay

Spatial movement
Environmental randomness
Population heterogeneity
Species interactions

Human exploitation

Seasonal ecology
Population cycles
Biological invasions
Conservation biology
Wildlife management
Community ecology

Fisheries management

4.10 Future Direction

Future research in mathematical biology will integrate the logistic growth framework with more

sophisticated ecological processes. Some promising directions are:

1.

Coupling logistic growth models with climate change models to investigate how changing
temperature, precipitation, habitat quality, and environmental carrying capacity influence

long-term population dynamics.

. Estimating model parameters using artificial intelligence and machine learning techniques

to improve the accuracy of intrinsic growth rate, carrying capacity, and population fore-

casting from ecological data.

. Developing stochastic and fractional-order logistic equations to incorporate environmen-

tal randomness, memory effects, and complex nonlinear dynamics observed in natural

populations.

. Integrating genomic, genetic, and evolutionary information into logistic population mod-

els to study adaptation, natural selection, and evolutionary responses under changing

environmental conditions.

Constructing spatially explicit ecological models based on partial differential equations to
investigate species dispersal, habitat fragmentation, biological invasions, and landscape-

level population dynamics.

. Extending the logistic framework to multispecies ecological networks by incorporating

competition, predation, mutualism, and other interspecific interactions for community-

level analysis.
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7. Combining logistic population dynamics with epidemiological and ecosystem models to
investigate disease transmission, host—pathogen interactions, ecosystem resilience, and

biodiversity conservation under environmental change.

These developments will improve the predictive capabilities of population models and will
enhance their application in conservation biology, ecosystem management and global environ-
mental change.

Though it is based on simpler assumptions, the logistic growth equation is still one of
the most elegant models in mathematical biology. Its simple analytic nature, biological in-
terpretation and its ability to model density-dependent regulation have made it a cornerstone
of population ecology. The modern extensions are building on Verhulst’s original theory and
include the effects of environmental fluctuations, stochasticity, spatial heterogeneity, age struc-
ture and ecology in the equation. In this way the logistic model is not only a powerful tool
for analysis but also the mathematical basis for many current models of biological population
dynamics. The logistic growth model is still one of the most basic and applied mathemati-
cal models in population biology and provides a simple but powerful model for understanding
density-dependent population dynamics under environmental constraints. By incorporating the
concept of environmental carrying capacity in the classical exponential growth equation, it is
possible to overcome the unrealistic assumption of infinite resources and to develop a biolog-
ically meaningful model for population regulation. Throughout this paper, the mathematical
modeling of the logistic differential equation was based on environmental principles and showed
that nonlinear feedback due to resource limitation governs the long-term population dynamics.

The logistic differential equation was solved explicitly using separation of variables, as the
classical sigmoid growth function to characterize the bounded population growth. The solution
showed that the growth rate is determined by three parameters: the intrinsic growth rate, the
environmental carrying capacity and the initial population size. While the intrinsic growth
rate depends primarily on the speed of convergence to equilibrium, the carrying capacity is the
maximum sustainable population that the environment is able to support. Moreover, the solu-
tion showed that all positive initial populations asymptotically approach the carrying capacity,
confirming a self-regulating density dependent growth.

The qualitative analysis of the logistic equation also illustrated its mathematical signifi-
cance. Equilibrium analysis confirmed that there are two biologically meaningful steady states
with respect to the extinction and environmental carrying capacity. Linear stability analysis
indicated that the extinction equilibrium is not stable when the intrinsic growth rate is positive,
whereas the carrying capacity is a locally asymptotically stable equilibrium. Phase line analysis
revealed that populations below the carrying capacity increase with time and those above the
carrying capacity will decrease until the environment is restored. These results demonstrate how
nonlinear feedback mechanisms and ecological stability are balanced in the natural population.

The sensitivity analysis highlighted the biological roles of the model parameters. The intrin-
sic growth rate had an impact on the speed of population recovery while the carrying capacity
changed the equilibrium population size. In contrast, the change in the initial population only
changed transient dynamics and did not change the long term equilibrium. These observations

are very useful for habitat restoration, conservation planning, fisheries management, invasive
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species control and sustainable resource use. We also observed that the maximum growth rate
at one-half of carrying capacity was an ecological factor for the optimum population density in
order to maximize reproductive output.

We also reviewed many interesting biological applications of the logistic growth model. The
model has been widely used in wildlife conservation, fisheries science, microbiology, agricultural
ecology, forest management, tumor growth modeling and environmental assessment. It has
been one of the most versatile mathematical tools of ecology and its simplicity and biological
interpretation have made it extremely versatile, and scientists are able to use it for many other
areas of study as well in addition to population biology.

Despite its great success, the classical logistic model has flaws because it relies on simplify-
ing assumptions. Constant carrying capacity, homogeneous population structure, deterministic
dynamics, instantaneous density dependence and lack of spatial heterogeneity make it not ap-
plicable to many real ecological systems. A number of contemporary mathematical models have
been formulated in the field of theoretical biology that incorporate stochastic effects, time delays,
age structure, diffusion processes, multispecies interactions, harvesting, and climate-dependent
environmental variability. These general models are still based on the logistic equation, but
they give a better description of natural population dynamics.

Thus, the logistic growth equation has made it a basis of mathematical biology because it
combines the mathematical elegance of the model with the analytical tractability and biological
relevance. Not only is it a well thought out and rigorous model of population regulation based
on density relationships but it is also a basis for more sophisticated nonlinear population models.
Future work with logistic dynamics in combination with stochastic processes, spatial ecology,
evolutionary biology, climate change, and data-driven modeling will help to strengthen the
predictive power of mathematical population models in biodiversity conservation, ecosystem
management and sustainable environmental management. As a result, the logistic growth model
has always been a key analytical tool in the field of mathematical biology, and the present era
of mathematical population models is still important in the field of population evolution and

evolutionary biology.
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